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ABSTRACT

We study the steady gas flow generated in a micro-cavity through the coupling between all-imposed temperature differences and non-
uniformity in surface smoothness. A two-dimensional square cavity is considered, where the boundary–gas interaction is modeled via the
microscopic Maxwell condition. The upper cavity wall is diffuse reflecting and maintained at a uniform temperature. Its facing bottom surface
is divided between fully specular and fully diffuse sections, where the latter is fixed at a temperature different from the upper wall. The side
surfaces are fully specular, making the cavity enclosure equivalent to an infinite channel configuration with periodic diffuse-specular distribu-
tion of its bottom boundary. The problem is solved in the entire range of gas rarefaction rates, combining an analytical solution in the free-
molecular limit with direct simulation Monte Carlo calculations at arbitrary Knudsen numbers. A pure conduction description is provided in
the limit of vanishing rarefaction. The results indicate that, while the gas is stationary at free-molecular and continuum conditions, circular
gas flow is generated in the near-free-molecular, intermediate and near-continuum regimes. The flow is induced by a thermal-edge-like effect,
applied at the attachment between the specular and diffuse wall parts, where the non-uniformity in wall smoothness couples sharp tempera-
ture gradients. The forces on the cavity walls are calculated, suggesting the shear loading on the specular-diffuse surface as an indicator for
the intensity of the thermal-edge effect in the cavity.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0313425

I. INTRODUCTION

The study of gas dynamics in micro- and nano-scale systems has
become a cornerstone in modern engineering and applied physics. As
the characteristic length and time scales reduce, non-continuum effects
become significant, leading to the breakdown of the continuum
hypothesis and the failure of the Navier–Stokes–Fourier description to
predict the correct fluid behavior.1–3 In the context of rarefied gas flows
and their governing Boltzmann equation, the departure from contin-
uum gives rise to a variety of non-intuitive physical phenomena.
Among the most consequential of these are thermally induced flows,
where gas motion is generated through surface temperature control,
without the need for external pressure gradients or mechanical moving

parts. This principle is fundamental to the operation of devices in vac-
uum technology, micro/nano-electro-mechanical systems (MEMS/
NEMS), and low-density aerospace applications.

In the continuum flow regime, a temperature gradient applied to
a stationary gas in a closed container may result in stationary heat con-
duction or natural convection (if external forces are present), yet does
not induce a sustained, unidirectional flow along the boundaries.
However, the interaction between gas molecules and solid surfaces at
non-continuum conditions may convert thermal energy directly into
kinetic energy of the bulk fluid. This phenomenon has been analyzed
in a large number of works, revealing the known “ghost effect” and
associated thermal creep mechanism, where a surface set at a given
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temperature gradient induces gas flow from its colder to its hotter
region.4,5 First introduced by Maxwell, this observation has been fol-
lowed and forms the basis of the renowned Knudsen pump.6

Over the past few decades, follow-up research has analyzed a
broad range of related problems. Among these, the thermal edge flow
considers the gas motion induced in the vicinity of a sharp edge of a
heated or cooled surface, even where the surface is maintained isother-
mal.7,8 The flow is driven by the large temperature gradients occurring
in the edge-surrounding gas. Other related thermally induced motions
include radiometric flow, which rationalizes the forces acting on the
vanes of a Crookes radiometer,9–12 thermal-stress slip flow,13 and
more complex higher-order effects such as nonlinear thermal stress
flow.14,15 Apart from the fundamental interest in examining the above,
these flow mechanisms offer practical non-mechanical means for gen-
erating gas pumping, separation, and actuation at the micro-scale.

To advance current knowledge, it has recently been suggested
that thermally induced flows may also be generated through modifica-
tion of the surface structural smoothness rather than its temperature.16

To illustrate the effect, the Maxwell boundary condition for gas-
surface interaction has been considered, describing kinetic wall reflec-
tions as a combination of diffuse and specular scattering.1 In diffuse
reflection, molecules accommodate the wall properties at re-emission,
whereas in specular reflection they rebound elastically with a reversed
velocity component normal to the boundary. While no surface com-
plies with either one of these descriptions, it is commonly accepted
that realistic gas-surface interaction may be approximated via their lin-
ear superposition, governed by an empirically adjusted accommoda-
tion coefficient. Applying the Maxwell model, a recent study16

demonstrated that a flow akin to thermal transpiration may be induced
between parallel isothermal plates, fixed at uniform yet different tem-
peratures, by creating a discontinuity in the accommodation coefficient
along one of the walls. This spatial non-uniformity in surface smooth-
ness induces a gradient in the gas temperature close to the junction,
which, in turn, drives thermal edge flow. This approach appears attrac-
tive as a relative simple mechanism for generating bulk flow, as it obvi-
ates the need to maintain a temperature gradient within the solid
material, which is a source of inefficiency and structural complexity.

Making use of the same geometry, Lotfian and Roohi17,18 applied
the specular-diffuse edge setup to consider its effectiveness on the sepa-
ration of binary gas mixtures. Basing their analysis on direct simulation
Monte Carlo (DSMC) calculations, it was demonstrated that species
separation is indeed feasible, due to the mass difference between the
mixture components and subsequent diffusion velocities in the flow
field. A similar geometry was considered to study the flow developed
in ratchet-like microchannels and other thermally driven flow configu-
rations.19–21

While the computational investigation of wall-smoothness-
induced thermal flow has provided valuable insights, a comprehensive
analysis that bridges the entire range of gas rarefaction rates is still
lacking. To this end, the present contribution analyses the thermally
induced flow in a two-dimensional rectangular cavity with non-
uniform wall accommodation distribution. An analytical solution is
derived in the free-molecular limit, accompanied by DSMC calcula-
tions in the entire range of gas rarefaction rates. Closed-form expres-
sions are found for the normal and shear forces on the cavity walls in
the collisionless limit, and their variations with gas rarefaction are
examined. In the continuum limit, the DSMC predictions are

compared with the pure conduction solution expected at vanishing
rarefaction. The analysis sheds light on the present thermal-edge flow
mechanism, observed between near-free-molecular and continuum-
limit flow conditions.

In Sec. II, the problem is stated. The free-molecular solution is
derived in Sec. III, followed by description of the numerical DSMC
scheme in Sec. IV. Our results are presented and discussed in Sec. V,
and the work conclusions are outlined in Sec. VI. Technical details are
relegated to the Appendix.

II. STATEMENT OF THE PROBLEM

Schematic of the problem is given in Fig. 1. Consider a stationary
two-dimensional square cavity of side L� filled with a perfect mon-
atomic hard-sphere gas of total mass m� per unit length (hereafter,
asterisks denote dimensional quantities). The interaction between the
solid cavity surfaces and the gas is modeled through the Maxwell
boundary condition, combining diffuse and specular wall reflections.1

Specifically, the cavity upper y� ¼ L� wall and L� L�s < x < L� part
of its lower y� ¼ 0� surface are assumed diffuse reflecting with fixed
temperatures, T� ¼ T�

u and T� ¼ T�
l , respectively. All other bound-

aries, marked by the dashed lines, are fully specular. It is noted that, by
using a different scattering rule, the gas behavior would differ from
that predicted by the present model. This should be the case when
imposing, for example, the Cercignani-Lampis-Lord interaction
kernel,22 as suggested in several contexts. In the following, we prefer
model simplicity over a more involved treatment of the boundary
interaction, that may only affect the results quantitatively but obviate
analysis.

We seek to describe the flow field induced inside the cavity, gen-
erated by the interaction between the solid surfaces and the gas, in the
whole range of gas rarefaction rates, from the free-molecular to the
continuum limit regimes. In the framework of gas kinetic theory and
the present two-dimensional steady-flow setup, the problem is gov-
erned by the velocity distribution function f � ¼ f �ðx�; y�; n�Þ of find-
ing a gas molecule at a position ðx�; y�Þ with molecular velocity about

FIG. 1. Schematic of the problem. A two-dimensional square cavity of side L� is
filled with a perfect monatomic gas of total mass m� per unit length. The cavity
upper y� ¼ L� wall and L� L�s < x < L� part of its y� ¼ 0� surface are diffuse
reflecting and fixed at temperatures T� ¼ T�

u and T� ¼ T�
l , respectively. All other

boundaries, marked by the dashed lines, are fully specular.
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n� ¼ ðn�x; n�y ; n�zÞ. In line with Fig. 1 and the above description, we
impose the diffuse wall condition,

f � L�s < x� < L�; y� ¼ 0; n� � n̂ > 0
� � ¼ q�l ðx�Þ

p3=2U�3
mph

exp � n�2

U�2
mph

" #

and f �ð0 < x� < L�; y� ¼ L�; n� � n̂ > 0Þ ¼ q�uðx�Þ
p3=2U�3

mpc

exp � n�2

U�2
mpc

" #
;

(1)

over the L�s < x� < L� part of the bottom wall and the entire upper
surface, respectively, together with the specular wall reflection,

f �ðx�b ; y�b ; n� � n̂ > 0Þ ¼ f �ðx�b ; y�b ; n� � 2ðn� � n̂Þn̂Þ; (2)

over the remaining boundaries, located along 0 < x�b < L�s with
y�b ¼ 0, x�b ¼ 0 with 0 < y�b < L�, and x�b ¼ L� with 0 < y�b < L�. In
Eqs. (1) and (2), n̂ denotes a unit vector normal to the wall and into
the cavity and q�l ðx�Þ and q�uðx�Þ are yet unknown functions associ-
ated with the mass flux of particles reflected from the diffuse boundary.
Additionally, U�

mpl
¼ ð2R�T�

l Þ1=2 and U�
mpu

¼ ð2R�T�
uÞ1=2 mark the

most probable speeds of a gas particle at the diffuse lower and upper
walls temperatures, respectively, where R� denotes the specific gas
constant.

To render the problem dimensionless, we scale the position by
the cavity side length L�, the velocity by the most probable molecular
speed based on the upper wall temperature, U�

mpu
, the mass density by

q�0 ¼ m�=L�2, and the temperature by T�
u . The system non-

dimensional description is then governed by

RT ¼ T�
l =T

�
u and Ls ¼ L�s =L

�; (3)

denoting the ratio between the diffuse lower and upper walls tempera-
tures, and the relative size of the specular part of the lower surface,
respectively. Additionally, the system state is determined by the value
of the mean Knudsen number in the gas,

Kn ¼ k�=L�; (4)

where k� marks the mean free path of a particle. Assuming a variable-
hard-sphere (VHS) model of interaction,23 k� ¼ m�

p=ð21=2pq�0d�2Þ,
where m�

p and d� denote the gas single particle mass and effective
diameter, respectively (see Sec. IV).

In what follows, we first analyze the free-molecular flow field in
the cavity. No restrictions are made on the values of RT > 0 and
0 � Ls � 1, allowing for the inspection of the flow field at arbitrary

temperature ratios and specular-diffuse divisions of the lower surface.
The free-molecular analysis is followed by description of the DSMC
scheme, to be applied at arbitrary Knudsen numbers.

III. THE FREE-MOLECULAR LIMIT

Assuming Kn ! 1, the non-dimensional kinetic problem is
governed by the collisionless two-dimensional steady Boltzmann
equation,

nx
@f
@x

þ ny
@f
@y

¼ 0; (5)

stating that f ðx; y; nÞ remains unchanged along “free-flight” particle
trajectories in the absence of molecular collisions. Variations in the
probability density function may therefore occur solely due to particle-
surface interactions, prescribed by the scaled counterparts of Eq. (1),

f Ls < x < 1; y ¼ 0; n � n̂ > 0ð Þ ¼ ql
p3=2R3=2

T

exp � n2

RT

" #

and f ð0 < x < 1; y ¼ 1; n � n̂ > 0Þ ¼ qu
p3=2

exp �n2
� �

;

(6)

and Eq. (2),

f ðxb; yb; n � n̂ > 0Þ ¼ f ðxb; yb; n� 2ðn � n̂Þn̂Þ: (7)

While ql and qu in Eq. (6) are, in general, the functions of the coordi-
nate x along the boundaries [cf. Eq. (1)], they may be treated as con-
stants in the free-molecular limit, as justified below. We next derive a
solution for the problem formulated in Eqs. (5)–(7).

In view of the collisionless regime and surface conditions consid-
ered, the velocity distribution function associated with each gas particle
is determined through its most recent interaction with one of the cav-
ity diffuse boundaries. It therefore equals to either the upper or lower
wall Maxwellian distributions specified in Eq. (6). Noting the specular-
wall type of the side x ¼ 0; 1 boundaries, it is instructive to consider
the equivalent infinite strip problem, obtained through the mirroring
of the original cavity setup about its edge walls. This yields the configu-
ration depicted in Fig. 2, where the strip is confined between an infinite
upper y ¼ 1 diffuse surface, held at a non-dimensional temperature
T ¼ 1, and a lower y ¼ 0 wall, that is specular along
2n� Ls < x < 2nþ Ls, and diffuse, at a temperature T ¼ RT , along
2nþ Ls < x < 2ðnþ 1Þ � Ls, where n ¼ 0;61;62;…. For clarity,
the original cavity domain is highlighted in gray. Inspecting the setup
in Fig. 2, the free-molecular problem satisfies the solution,

f ðx; y; nÞ ¼

qu
p3=2

exp �n2
� �

; ny < 0 or ny > 0 and
x � 2n� Ls

y
ny < nx <

x � 2nþ Ls
y

ny;

ql
p3=2R3=2

T

exp � n2

RT

" #
; ny > 0 and

x � 2n� 2þ Ls
y

ny < nx <
x � 2n� Ls

y
ny;

8>>>><
>>>>:

(8)

where n ¼ 0;61;62;…, and the diffuse walls fluxes qc and qh are
yet to be determined.

To fix qu and ql , we first impose the impermeability condition
over the diffuse part of the cavity lower y ¼ 0 boundary. Enforcing

ð1
�1

nyf ð1� Ls < x < 1; y ¼ 0; nÞdn ¼ 0; (9)

where dn ¼ dnxdnydnz , and substituting Eq. (8) into Eq. (9), we
find
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qu ¼ ql
ffiffiffiffiffiffi
RT

p
: (10)

An identical expression is obtained by imposing the no-penetration
condition over any of the other diffuse wall sections of the lower y ¼ 0
surface, 2nþ Ls < x < 2ðnþ 1Þ � Ls (with n 6¼ 0), as well as along
the upper y ¼ 1 wall. An additional constraint that fixes the values of
qu and ql imposes the conservation of the total gas mass inside the
cavity, namely, ð1

0

ð1
0
qðx; yÞdxdy ¼ 1; (11)

where qðx; yÞ denotes the gas mass density. Having imposed Eq. (11),
qu and ql are known, and the velocity distribution function f ðx; y; nÞ
is determined.

Once the probability density function is calculated, the hydrody-
namic fields are evaluated via appropriate quadratures over the molec-
ular velocity space.1 Specifically, the density q, x- and y-velocity
components, and normal and shear stresses are given by

q x; yð Þ ¼
ð1
�1

f dn; ux x; yð Þ ¼ 1
q

ð1
�1

nxf dn;

uy x; yð Þ ¼ 1
q

ð1
�1

nyf dn;

Pxxðx; yÞ ¼
ð1
�1

ðnx � uxÞ2f dn;

Pyyðx; yÞ ¼
ð1
�1

ðny � uyÞ2f dn;

Pzzðx; yÞ ¼
ð1
�1

n2z f dn

and Pxyðx; yÞ ¼
ð1
�1

ðnx � uxÞðny � uyÞf dn;

(12)

respectively. Substituting Eq. (8) into Eq. (12) and integrating, the dis-
tribution of the macroscopic moments is obtained as specified in the
Appendix. The pressure and temperature are consequently computed
via p ¼ 2ðPxx þ Pyy þ PzzÞ=3 and the scaled form of the ideal-gas
equation of state, T ¼ p=q, respectively.

IV. THE DSMC SCHEME

The DSMC method is the most commonly used scheme for sim-
ulating non-continuum gas flows. The method was initially introduced
by Bird23 to simulate the dynamics of a dilute gas, and was later on
shown to yield results which converge to the solution of the
Boltzmann equation.24 Within the DSMC framework, the velocity dis-
tribution function of the gas molecules is represented by a number of
computational particles. The computational domain is divided into a
mesh of cells which size Dx� is smaller than the particles’ mean free
path k�. Particles’ motions and interactions are decoupled over a time
step Dt�, being shorter than the local mean free time s� between colli-
sions. In each time step, the particles are first translated as if they do
not interact with each other. Then, the particles are sorted into compu-
tational cells and collisions are evaluated stochastically, conserving the
collision momentum and energy invariants. The computational cells
are used for evaluating the macroscopic fields, which are obtained
through weighted averages of the particles properties.

In the present work, we apply the DSMC algorithm to analyze
the micro-cavity problem for arbitrary Knudsen numbers. The results
obtained are used to validate the free-molecular solution, examine its
breakdown with decreasing rarefaction, and study the system response
in the intermediate and continuum flow regimes. We apply the no-
time-counter (NTC) scheme25 with the VHS model of molecular inter-
actions,23 where the effective molecular diameter d� depends on the
relative speed g� between a pair of colliding particles,

d�ðg�Þ ¼ d�ref g�ref=g
�� �x�1=2

:

Here, x marks the viscosity (l� / T�x) and heat-conductivity
(j� / T�x) temperature power exponent, with x ¼ 0:74 chosen to
mimc air gas flow. In addition, g�ref ¼ U�

mpu
is the reference relative

speed and d�ref is the particle molecular diameter at the reference
upper-wall temperature T� ¼ T�

u . The two-dimensional computa-
tional domain was divided into cells of size Dx� � k�=3, and the
time step was set no larger than Dt� � s�=5. At the initial state, the
simulation domain contained gas particles at uniform equilibrium
with prescribed reference density and temperature. Then, at each
time step, the particles free-flight motions and collisions were fol-
lowed in accordance with the no-time counter scheme and VHS
model. The diffuse or specular gas-wall interaction laws were
applied to describe the scattering from the cavity boundaries, in
accordance with the surface conditions specified in Fig. 1. The sim-
ulation was followed until a steady state was established, by letting
the transient behavior evolve into a time-independent solution.
The calculation of the macroscopic quantities commenced at
steady state conditions, with the sampling time duration deter-
mined by requiring that the relative statistical error does not
exceed 2% of the signal. The average number of particles per cell
was taken �100, with most calculations through Kn� 0:01 lasting
approximately 1 week using a multi-core Intel i7-4790K machine.
At increasingly low Knudsen numbers, the calculated flow speed
reduced considerably (vanishing at Kn ! 0), and DSMC calcula-
tions become prohibitively expensive. Thus, for Oð10�3Þ low-Kn
computations, a finer mesh was used, consisting of 2000 over 2000
cells with a total of 1:4� 109 particles. To handle the computa-
tional workload in this case, the job was distributed across 150

FIG. 2. Schematic of the equivalent infinite strip problem. The strip is confined between
an upper y ¼ 1 diffuse surface that is held at a non-dimensional temperature T ¼ 1;
and a lower y ¼ 0 wall that is specular along its 2n� Ls < x < 2nþ Ls sections, and
diffuse with a temperature T ¼ RT along its remaining 2nþ Ls < x < 2ðnþ 1Þ � Ls
parts, where n ¼ 0;61;62;…. The studied cavity domain (described in Fig. 1) is
highlighted in gray.
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processor cores and scheduled for a runtime of 14 days, ensuring
sufficient data collection.

To verify the accuracy of results, a convergence analysis (not
detailed here for brevity) was carried out. This has indicated that our
simulation predictions are nearly unaffected by a further decrease in
the above-mentioned cells size and time step, or by an increase in the
number of particles taken per cell, thus ensuring the grid independence
of the DSMC data.

V. RESULTS

In accordance with the statement of the problem in Sec. II,
the non-dimensional problem is governed by the cavity reference
Knudsen number Kn, the ratio RT between the diffuse lower
and upper wall temperatures, and the relative size Ls of the specular
part of the lower surface. The limit cases of Ls ¼ 0 and Ls ¼ 1 corre-
spond to the previously known one-dimensional setups of a gas at

pure-conduction or uniform equilibrium states, respectively. To
examine the two-dimensional problem, we therefore focus on a case
where Ls 6¼ 0; 1, and vary the values of Kn and RT . In Sec. VA, we fix
Ls ¼ 0:65 and RT ¼ 3 as a reference combination of parameters, and
examine the effect of gas rarefaction, governed by the system Knudsen
number, on the cavity flow field. In Sec. VB, we study the impact of
varying the accommodation coefficient a along the left Ls part of the
bottom surface, as well as the effects of varying the values of RT ; Ls and
the gas models of intermolecular and surface interactions, on the
results.

A. Reference case: Ls50:65 and RT53

Figure 3 presents the effect of gas rarefaction on the temperature
distribution in a cavity with the aforementioned RT ¼ 3 and
Ls ¼ 0:65 values. The figure shows the temperature-field colormaps at

FIG. 3. Effect of gas rarefaction on the tem-
perature distribution in a cavity with RT ¼ 3
and Ls ¼ 0:65: colormaps of Tðx; yÞ at the
indicated values of Kn. The crosses depict
the location of the specular-diffuse junction
along the lower wall [at ðx; yÞ ¼ ðLs; 0Þ],
and the dash-dotted lines mark the x ¼ 0:3
and x ¼ 0:8 sections along which some of
the results in Fig. 4 are presented.
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the indicated values of Kn, where Fig. 3(a) depicts the free-molecular
analytical solution and Figs. 3(b)–3(f) are based on DSMC calculations.
The colorbar range of 1 � T � 3 is kept identical in all parts for easy
reference.

To start with, we note that the free-molecular field is nearly iden-
tical with the Kn ¼ 10 result in Fig. 3(b). In both cases, the tempera-
ture ranges between 1�Tðx; yÞ� 1:75, indicating a large temperature
jump at the diffuse part of the lower plate surface, fixed at
T ¼ RT ¼ 3. With decreasing Kn, the temperature jump magnitude
decreases and the field gradients in the vicinity of the specular-diffuse
junction (which location is marked by the cross in each figure part)
increase. At the lowest Kn ¼ 0:001 value presented in Fig. 3(f), the
temperature field becomes nearly identical with the diffuse walls,
approaching T ¼ 1 and T ¼ 3 at the upper and lower-diffuse bound-
aries, respectively.

Based on the free-molecular solution in Sec. III and the calcula-
tion in the Appendix, the temperature distribution along the lower
specular-diffuse wall is given by

Tðx; y ¼ 0;Kn ! 1Þ ¼ 1; 0 < x < Ls;ffiffiffiffiffiffi
RT

p
; Ls < x < 1;

�
(13)

in agreement with the 1�Tðx; yÞ� 1:75 range observed in Figs. 3(a)
and 3(b) for RT ¼ 3. To better validate this result, Fig. 4(a) shows the
effect of the Knudsen number on the temperature distribution along
the y ¼ 0 lower boundary. The counterpart pressure distribution is
presented in Fig. 4(b). Indeed, the DSMC result at Kn ¼ 100 (marked
by crosses) nearly coincides with the free-molecular distribution in
Fig. 4(a), denoted by the blue line. With decreasing Kn, molecular col-
lisions act to smoothen the wall-induced discontinuity and increase
the overall gas temperature. The free-molecular description breaks

FIG. 4. Effect of gas rarefaction on the tem-
perature (a), (c), and (d) and pressure (b),
(e), and (f) distributions along y ¼ 0 (a) and
(b), x ¼ 0:3 (c) and (e) and x ¼ 0:8 (d)
and (f). The symbols mark DSMC results at
Kn ¼ 100(�), 10 (�), 1 (�), 0.1 (�), 0.01
(þ), and 0.001 (�). The blue and red curves
denote the free-molecular and continuum
pure conduction solutions, respectively.
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down at Kn� 5. At continuum-limit conditions, the temperature
jump vanishes and the gas temperature at y ¼ 0 along LS < x < 1
nearly equals the surface temperature RT ¼ 3. Similar trends are
observed in Figs. 4(c)–4(f), presenting the effect of the Knudsen num-
ber on temperature and pressure distributions along the x ¼ 0:3 and
x ¼ 0:8 sections (cf. the dash-dotted lines in Fig. 3).

Assuming stationary-flow conditions at Kn ! 0, the gas state
in the continuum regime may be predicted based on the heat
conduction equation and appropriate wall conditions. To this end,
for the present VHS model of molecular interactions, the equation is
given by

r2 Txþ1½ 	 ¼ 0; (14)

where r2 ¼ @2=@x2 þ @2=@y2 denotes the two-dimensional
Laplacian operator and x ¼ 0:74 (see Sec. IV). No jump and zero
heat-flux boundary conditions are imposed at the cavity diffuse and
specular walls, respectively. Specifically, along the lower and upper
surfaces,

HðLs� xÞ@T
@y

þHðx�LsÞT
� 	

y¼0

¼ RTHðx�LsÞ and Tðy¼ 1Þ ¼ 1;

(15)

respectively, and over the side boundaries,

@T=@x½ 	x¼0 ¼ @T=@x½ 	x¼1 ¼ 0: (16)

In Eq. (15), the Heaviside function notation Hð�Þ is used, to distinguish
between the specular and diffuse parts of the wall. The Laplace-type
problem formulated in Eqs. (14)–(16) is solved numerically using finite
difference representations for the x-and y-derivatives. The results for
the temperature, and then for the pressure [obtained through the equa-
tion of state and the imposition of the normalization condition in Eq.
(11) for the density], are marked by the red curves in Fig. 4. The results
closely match with the Kn ¼ 0:001 simulation data. In marked differ-
ence from the system state at highly rarefied conditions, the pressure
field turns uniform in the continuum regime [see the red lines in Figs.
4(b), 4(e), and 4(f)]. This is in line with the respective momentum
equation in the pure conduction state, requiring the vanishing of the
pressure gradient.

While the gas in the cavity is stationary at free-molecular
(Kn ! 1) and continuum (Kn ! 0)conditions, flow animation is
induced at finite Knudsen numbers. This is markedly different from
the counterpart one-dimensional problem (with Ls ¼ 0), where pure
conduction prevails at all Knudsen numbers. To illustrate the two-
dimensional flow field, Fig. 5 shows DSMC-calculated colormaps of
the velocity magnitude and streamlines in the cavity in a sequence of
finite decreasing Knudsen numbers. Circular counterclockwise flow is
observed in all cases, in agreement with the cold-to-hot direction
induced by the thermal edge effect along the wall (for 0 < RT < 1,
where the upper wall temperature is higher than the lower, the flow
direction is clockwise, as illustrated in Sec. VB). The flow speed maxi-
mizes close to the junction and reduces away from it. At the present
choice of Ls ¼ 0:65, stagnation is observed at ðx; yÞ � ð0:55; 0:3Þ,
which is only slightly affected by the Knudsen number. Importantly,
while the circular motion vanishes at exceedingly high and low rarefac-
tion rates, it maximizes at Kn 
 Oð10�1Þ.

To quantify the non-monotonic variation of gas animation with
the Knudsen number, Fig. 6(a) presents the effect of gas rarefaction on
the total kinetic energy in the cavity, calculated via

Ek ¼
ð1
0

ð1
0
qu2dxdy; (17)

where u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y

q
denotes the macroscopic gas speed. In line with

the results in Fig. 5, the system kinetic energy vanishes in both colli-
sionless and continuum limits, and reaches a maximum at Kn � 0:07.
Importantly, non-zero kinetic energy levels are observed within
0:005�Kn� 5, indicating that the thermal edge effect is non-
negligible at near-free-molecular conditions. This suggests that the
above free-molecular analysis may serve as a first step into asymptotic
evaluation of the flow field at large yet finite Knudsen numbers. Such
analysis, which may follow the scheme applied in other contexts (e.g.,
Ref. 26) is deferred to a later contribution.

We conclude the discussion of the reference case by analyzing the
forces acting on the lower and upper cavity walls, normalized by
q0U

�2
mpu

L�. To this end, the scaled normal forces over the lower and
upper surfaces are given by

FðlowÞ
N ¼

ð1
0
Pyyðx; 0Þdx and FðupÞ

N ¼ �
ð1
0
Pyyðx; 1Þdx; (18)

respectively, and the counterpart shear forces are

FðlowÞ
S ¼ �

ð1
0
Pxyðx; 0Þdx and FðupÞ

S ¼
ð1
0
Pxyðx; 1Þdx: (19)

Applying the free-molecular analysis in Sec. III and in the Appendix,
we find for the lower wall,

FðlowÞ
N ðKn!1Þ¼ �qu

4
1þLsð Þ

�qlRT

4
1�Lsð Þ and FðlowÞ

S ðKn!1Þ¼ 0: (20)

Over the upper wall, the calculation involves summation over all con-
tributions from the (equivalently infinite long) lower specular and dif-
fuse surface segments (see Fig. 2 and the Appendix). For the normal
force, this yields a value identical with the counterpart loading on the
lower wall, namely,

FðupÞ
N ðKn ! 1Þ ¼ FðlowÞ

N ðKn ! 1Þ: (21)

For the shear force, we obtain

FðupÞ
S ðKn ! 1Þ

¼ qlRT

2p

X1
n¼�1

ð1
0
sye

�s2y exp � x þ Ls � 2ðnþ 1Þð Þ2s2y
h in

� exp � x � Ls � 2nð Þ2s2y
h io

dsþ qu
2p

X1
n¼�1

ð1
0
nye

�n2y

� exp � x � Ls � 2nð Þ2n2y
h in

�exp � x þ Ls � 2nð Þ2n2y
h io

dny; (22)

which is evaluated numerically.
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Figures 6(b) and 6(c) show the variations with Kn of the normal
[Fig. 6(b)] and shear [Fig. 6(c)] forces on the cavity upper and lower
boundaries. The dashed lines in Figs. 6(b) and 6(c) show the analytical
free-molecular predictions obtained in Eqs. (20)–(22), and the black
and blue curves in Fig. 6(c) present the results for the lower and upper
surfaces, respectively. The dash-dotted lines in Figs. 6(b) and 6(c)
depict the force values obtained based on the pure conduction solution
derived following Eqs. (14)–(16). At first, we observe that all asymp-
totes closely capture the limit values of the forces, supporting the accu-
racy of our analysis. The normal force common to both walls increases
monotonically with decreasing Kn, growing by � 30% from its
ballistic- to continuum-limit values. The shear force, however, varies
qualitatively different. Being significantly lower in magnitude com-
pared with the normal loading, it decreases with decreasing Kn over
the upper wall, approaching Fs ¼ 0 at Kn ! 0. Markedly, the shear
force over the lower surface varies non-monotonically with Kn,

reaching a maximum at Kn � 0:07. This is reminiscent of the value
where maximum flow animation is observed in Fig. 6(a), suggesting
the shear force over the specular-diffuse wall as an indicator for the
intensity of the thermal-edge effect in the cavity.

B. Parametric study

To complement the above investigation on the impact of gas rare-
faction, we study the effect of all other problem parameters on the cav-
ity flow field. These include the impacts of the surface properties of the
0 < x < Ls part of the lower cavity wall, as well as the effects of vary-
ing the walls temperature ratio and the intermolecular interaction law.

To start with, Figs. 7(a) and 7(b) present the effect on the flow
field of changing the Maxwell accommodation coefficient a along the
0 < x < Ls part of the bottom wall. In Fig. 7(a), a ¼ 0:2, and in
Fig. 7(b), a ¼ 0:6. Keeping the same Ls ¼ 0:65 and RT ¼ 3 values as in

FIG. 5. Effect of gas rarefaction on the
gas flow field in a cavity with RT ¼ 3 and
Ls ¼ 0:65: Colormaps of the DSMC-
calculated velocity magnitude and flow
streamlines at the indicated values of Kn.
The crosses indicate the location of the
specular-diffuse junction along the lower
wall [at ðx; yÞ ¼ ðLs; 0Þ] and the red
arrows mark the flow direction, which is
counterclockwise in all cases.
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FIG. 7. Effects of the 0 < x < Ls bottom-
wall-part Maxwell accommodation coeffi-
cient a (a) and (b) and size (c) and (d) on
the gas flow field in a cavity with RT ¼ 3
and Kn ¼ 0:1: colormaps of the DSMC-
calculated velocity magnitude and flow
streamlines for (a) and (b) Ls ¼ 0:65 at
a ¼ 0:2 (a) and a ¼ 0:6 (b), (c), and (d)
a ¼ 0 with Ls ¼ 0:25 (c) and Ls ¼ 0:85
(d). The cross in each figure part indicates
the location of the x ¼ Ls junction along
the lower wall and the red arrows mark
the flow direction, which is counterclock-
wise in all cases.

FIG. 6. Variations with Kn of the system
total kinetic energy (a), and normal (b),
and shear (c) forces on the cavity upper
and lower boundaries. The dashed lines
in (b) and (c) show the analytical free-
molecular predictions, and the black and
blue curves in (c) present the results for
the lower and upper surfaces, respec-
tively. The dash-dotted lines in (b) and (c)
depict the force values obtained based on
the pure conduction solution. All data pre-
sented correspond to a cavity with RT ¼ 3
and Ls ¼ 0:65.
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Sec. VA and fixing Kn ¼ 0:1, the results are compared with the counter-
part specular (a ¼ 0) case shown in Fig. 5(c). Using the same colorscale
in all figures for easy reference, we find that the gas speed decreases with
increasing a. This is since the change in wall smoothness imposed at the
x ¼ Ls junction reduces with a, leading to a reduction in the thermal-
edge effect. Quantitatively, in terms of the total gas kinetic energy in the
cavity, our calculations indicate that Ek � 3:5� 10�5 in the a ¼ 0
setup, while diminishing to Ek � 1:7� 10�5 and Ek � 2:8� 10�6 for
a ¼ 0:2 and a ¼ 0:6, respectively. At a ! 1, the bottom wall becomes
uniformly diffuse, the problem turns one-dimensional, and a “pure con-
duction” state is established.

Inspecting the effect of the 0 < x < Ls bottom wall segment fur-
ther, Figs. 7(c) and 7(d) show speed colormaps and velocity stream-
lines for the nominal specular-diffuse junction setup, yet with different
values of Ls. In Fig. 7(c), Ls ¼ 0:25 is taken, whereas Ls ¼ 0:85 is con-
sidered in Fig. 7(d). Comparing again with Fig. 5(c), the results illus-
trate the distortion of the cavity flow field with varying Ls.
Additionally, it is observed that the thermal edge effect reduces as Ls is
taken closer to Ls ¼ 0 and Ls ¼ 1, for which the bottom wall becomes
entirely diffuse or specular, respectively, and the problem degenerates
into a one-dimensional configuration.

The effect of the temperature ratio RT on the gas flow field
is examined in Fig. 8. The figure shows velocity magnitude and
streamline results for a cavity with Ls ¼ 0:65 and Kn ¼ 0:1, subject to

RT ¼ 5 [in Fig. 8(a)] and RT ¼ 0:3 [in Fig. 8(b)] temperature ratios.
Considering the result in Fig. 8(a) and comparing with Fig. 5(c), we
note an increase in the gas speed with increasing RT > 1, in line with
the inevitably enhanced edge effect. In the RT ¼ 0:3 case shown in
Fig. 8(b), where the bottom wall temperature is lower than the upper,
we note that the flow direction is reversed and turns clockwise. This
agrees with the expected edge-effect motion, inducing flow from the
cold to the hot part of the bottom surface. An equivalent effect may
be obtained by retaining RT > 1 and interchanging between the specu-
lar and diffuse segment locations at the bottom wall, to be placed at
Ls < x < 1 and 0 < x < Ls, respectively.

Figure 9 presents the impacts of the gas-surface interaction
and intermolecular models on the cavity flow field at the nominal
Ls ¼ 0:65;RT ¼ 3 and Kn ¼ 0:1 choice of parameters. In Fig. 9(a),
the VHS intermolecular interaction law is replaced by the variable-
soft-sphere (VSS) model.23 Using the same power exponent value for
x as in the VHS model, the comparison between Figs. 5(c) and 9(a)
exhibits only slight quantitative difference, indicating that there is no
qualitative effect in varying the molecular model of interaction. It is yet
noted that the VSS-predicted velocity magnitude is slightly higher, in
line with the softer scattering interaction and consequent reduced vis-
cosity, allowing the transmission of a stronger edge effect. Proceeding
to Fig. 9(b), we inspect the effect of replacing the specular wall condi-
tion along the 0 < x < Ls segment of the bottom wall with the

FIG. 8. Effect of the temperature ratio RT on
the gas flow field in a cavity with Ls ¼ 0:65
and Kn ¼ 0:1: colormaps of the DSMC-
calculated velocity magnitude and flow
streamlines at RT ¼ 5 (a) and RT ¼ 0:3
(b). The cross in each figure part indicates
the location of the specular-diffuse junction
along the lower wall, and the red arrows
mark the flow direction, which is counterclock-
wise in (a) and clockwise in (b).

FIG. 9. Effects of the intermolecular interaction model (a) and the gas-surface interaction model (b) on the gas flow field in a cavity with Ls ¼ 0:65;RT ¼ 3 and Kn ¼ 0:1: col-
ormaps of the DSMC-calculated velocity magnitude and flow streamlines for (a) a VSS gas in a specular-diffuse wall setup and (b) a VHS gas and CLL wall interaction along
the 0 < x < Ls part of the bottom wall with at ¼ an ¼ 0:2. The cross in each figure part indicates the location of the x ¼ Ls junction along the lower wall and the red arrows
mark the flow direction, which is counterclockwise in both (a) and (b).
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Cercignani–Lampis–Lord interaction kernel.22 Being governed by the
tangential (at) and normal (an) accommodation coefficients, we set
at ¼ an ¼ 0:2. This choice is intermediate between the specular
(at ¼ an ¼ 0) and diffuse (at ¼ an ¼ 1) wall setups. The representa-
tive results Fig. 9(b) indicate that the effect is qualitatively similar to
the one illustrated in Figs. 7(a) and 7(b): namely, that the “coarsening”
of the 0 < x < Ls part of the bottom wall yields a reduction in the gra-
dients induced at the x ¼ Ls junction point and a consequent decrease
in the gas kinetic energy in the cavity. In this context, our current
choice of the Maxwell condition prefers model simplicity over a more
involved model, which enables the closed-form free-molecular-limit
analysis carried in Sec. III.

To conclude, Fig. 10 examines the effect of the 0 < x < Ls
bottom-wall-part Maxwell accommodation coefficient a and gas-
surface interaction model on the temperature line distributions along
y ¼ 0; x ¼ 0:3 and x ¼ 0:8 for a cavity with RT ¼ 3; Ls ¼ 0:65
and Kn ¼ 0:1. Specifically, the figure compares the specular-diffuse
reference case (also presented in Fig. 4) with counterpart a ¼ 0:2 and
a ¼ 0:6 setups, as well as with the result for the CLL interaction law
for at ¼ an ¼ 0:2. All lines show similar trends, where the increase in
the accommodation coefficient yields a general decrease in the temper-
ature discontinuity along the y ¼ 0 boundary, and an increase in
the temperature inside the cavity. These are rationalized through
the reduction in the thermal edge effect with increasing a. The CLL
at ¼ an ¼ 0:2 result looks quantitatively similar to the a ¼ 0:2 case,
supporting our application of the relatively simpler Maxwell model.

VI. CONCLUSIONS

We investigated the steady gas flow obtained in a micro-cavity
through the coupling between wall-imposed temperature differences
and non-uniformity in surface smoothness. A two-dimensional square

cavity was considered, where the boundary-gas interaction was mod-
eled via the microscopic Maxwell condition. Specifically, the upper
cavity wall was assumed diffuse reflecting and maintained at a uniform
temperature. Its facing bottom surface consisted of fully specular and
fully diffuse sections, with the latter fixed at a temperature different
from the upper wall. Taking the side solid walls as fully specular, the
cavity enclosure was addressed equivalent to an infinite channel con-
figuration with periodic diffuse-specular distribution of its bottom
boundary. The problem was solved in the entire range of gas rarefac-
tion rates, combining an analytical solution in the free-molecular limit
with DSMC calculations at arbitrary Knudsen numbers. A pure con-
duction description was provided in the limit of vanishing rarefaction.
The results indicate that, while the gas is stationary at free-molecular
and continuum conditions, circular gas flow is generated in the near-
free-molecular, intermediate and near-continuum regimes. The flow is
induced by the thermal-edge effect, applied at the attachment between
the specular and diffuse wall parts, where the non-uniformity in wall
smoothness couples sharp temperature gradients. The forces on the
cavity walls were calculated, suggesting the shear loading on the
specular-diffuse wall as an indicator for the intensity of the thermal-
edge effect in the cavity.

The thermal-edge phenomenon was studied previously in a set of
works, focusing on the limit of small Knudsen numbers and deriving
the corrections required in the traditional continuum-limit model to
predict the observed system behavior.1,7,8,14 Yet, the present occurrence
of gas animation at relatively large Oð101Þ Knudsen numbers moti-
vates a dedicated study of the problem at near-free-molecular condi-
tions. For this purpose, the current free-molecular solution is
suggested as a first step into asymptotic evaluation of the thermal-edge
effect in the near-free-molecular and intermediate flow regimes. The
analysis of this problem, where the thermally induced flow field may

FIG. 10. Effect of the 0 < x < Ls bottom-
wall-part Maxwell accommodation coefficient
a and gas-surface interaction model on the
temperature distribution along y ¼ 0 (a),
x ¼ 0:3 (b) and x ¼ 0:8 (c) for a cavity
with RT ¼ 3; Ls ¼ 0:65 and Kn ¼ 0:1.
Each figure part compares between the nom-
inal a ¼ 0 case (�) and a ¼ 0:2 (þ, in
blue), a ¼ 0:6 (�, in red) and CLL model
with at ¼ an ¼ 0:2 (�, in magenta).
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be obtained as a first-order correction at large (yet finite) Knudsen
numbers, is under way.
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APPENDIX: THE HYDRODYNAMIC FIELDS IN THE
FREE-MOLECULAR LIMIT

In line with the problem analysis in Sec. III, each hydrody-
namic field Gðx; yÞ may be expressed via the sum

Gðx; yÞ ¼ GðupÞðx; yÞ þ Gðlow;diffÞðx; yÞ þ Gðlow;specÞðx; yÞ; (A1)

containing the contributions of particles arriving at ðx; yÞ from the
upper wall, GðupÞ, and from the diffuse and specular sections of the
lower wall, Gðlow;diffÞ and Gðlow;specÞ, respectively. Substituting Eq. (8)

into Eq. (12), all nz quadratures may be carried out analytically.
Additionally, the integrations over the lower surface are expressed,
as formulated below, via separate sums over the diffuse and specular
parts.

Starting with the density, we find for the contribution of par-
ticles arriving from the upper wall,

qðupÞðx; yÞ ¼ qu=2: (A2)

For the contribution of the particles from the diffuse sections of the
lower surface, we carry out the change of variables sy ¼ ny=

ffiffiffiffiffiffi
RT

p
,

yielding, after nz and nx integrations,

qðlow;diffÞðx; yÞ ¼ ql
2

ffiffiffi
p

p
X1

n¼�1

ð1
0
e�s2y erfc

x � 2ðnþ 1Þ þ Ls
y

sy


 ��

�erfc
x � 2n� Ls

y
sy


 �	
dsy; (A3)

where

erfc pð Þ � 2ffiffiffi
p

p
ð1
p

exp �q2
� �

dq

marks the Complementary Error function. The contribution of
the particles arriving from the specular sections of the lower
surface is

qðlow;specÞðx; yÞ ¼ qu
2

ffiffiffi
p

p
X1

n¼�1

ð1
0
e�n2y erfc

x � 2n� Ls
y

ny


 ��

�erfc
x � 2nþ Ls

y
ny


 �	
dny: (A4)

In accordance with Eq. (A1), the total hydrodynamic density
q ¼ qðx; yÞ is then given by the sum of Eqs. (A2)–(A4).

Proceeding to higher-order moments, the calculation of the x
and y free-molecular velocity components is skipped, as the velocity
field vanishes in the collisionless limit. To obtain the normal stress
components, we substitute Eq. (8) into Piiðx; yÞ in Eq. (12) with
ux ¼ uy ¼ 0. For Pxx , the calculation yields

PðupÞ
xx ðx; yÞ ¼ qu=4; (A5)

Pðlow;diffÞ
xx ðx; yÞ ¼ qlRT

p

X1
n¼�1

ð1
0
e�s2y

x � 2ðnþ 1Þ þ Ls
2y

sy exp
ðx � 2ðnþ 1Þ þ LsÞ2

y2
s2y

" #
� ðx � 2n� LsÞ

2y
sy exp

ðx � 2n� LsÞ2
y2

s2y

" #(

þ
ffiffiffi
p

p
4

erfc
x � 2ðnþ 1Þ þ Ls

y
sy


 �
� erfc

x � 2n� Ls
y

sy


 �" #)
dsy; (A6)

and

Pðlow;specÞ
xx ðx; yÞ ¼ qu

p

X1
n¼�1

ð1
0
e�n2y

ðx � 2n� LsÞ
2y

ny exp
ðx � 2n� LsÞ2

y2
n2y

" #
� ðx � 2nþ LsÞ

2y
ny exp

ðx � 2nþ LsÞ2
y2

n2y

" #(

þ
ffiffiffi
p

p
4

erfc
x � 2n� Ls

y
ny


 �
� erfc

x � 2nþ Ls
y

ny


 �� 	�
dny; (A7)
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whereas for Pyy we obtain

PðupÞ
yy ðx; yÞ ¼ qu=4; (A8)

Pðlow;diffÞ
yy ðx; yÞ ¼ qlRT

2
ffiffiffi
p

p
X1

n¼�1

ð1
0
s2ye

�s2y

� erfc
x � 2ðnþ 1Þ þ Ls

y
sy


 ��

� erfc
x � 2n� Ls

y
sy


 �	
dsy; (A9)

and

Pðlow;specÞ
yy ðx; yÞ ¼ qu

p

X1
n¼�1

ð1
0
e�n2y

ðx � 2n� LsÞ
2y

ny

�

� exp
ðx � 2n� LsÞ2

y2
n2y

" #
� ðx � 2nþ LsÞ

2y
ny

� exp
ðx � 2nþ LsÞ2

y2
n2y

" #

þ
ffiffiffi
p

p
4

erfc
x � 2n� Ls

y
ny


 ��

� erfc
x � 2nþ Ls

y
ny


 �	�
dny: (A10)

The total Pxx and Pyy distributions are given by the sums of
Eqs. (A5)–(A10), respectively. For Pzz , the expression simplifies to

Pzzðx; yÞ ¼ qu
4
þ RT

2
qðlow;diffÞðx; yÞ þ 1

2
qðlow;specÞðx; yÞ: (A11)

The free-molecular gas pressure and temperature are given by
p ¼ 2ðPxx þ Pyy þ PzzÞ=3 and T ¼ p=q, respectively, as noted after
Eq. (12).
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